We adress ourselves the question of the quantum equivalence of dualised σ-models on the simple example of the T-dualised SU (2) σ-model. This theory is classically canonically equivalent to the standard chiral SU (2) σ-model. It is known that the equivalence also holds at the first order in perturbations with the same β functions. However, this model has been claimed to be non-renormalisable at the two-loop order. The aim of the present work is the proof that it is -at least up to this order -still possible to define a correct quantum theory. Its target space metric being only modified in a finite manner, all divergences are reabsorbed into coupling and fields (infinite) renormalisations.
Introduction
The subject of classical versus quantum equivalence of T-dualised σ-models has been strongly studied in recent years, and extensive reviews covering abelian, non-abelian dualities and their applications to string theory and statistical physics are available [1, 2, 3] . More recent developements on the geometrical aspects of duality can be found in [4] .
The interpretation of T-duality as a canonical transformation, for constant backgrounds, was first given by [5, 6] . Its more general formulation [7] was applied to the non-abelian case in [8, 9] .
After the settling of the classical equivalence, the most interesting problem was its study at the quantum level. This was done mostly for dualisations of Lie groups, with emphasis put on SU (2) . For this model the one-loop equivalence was established in [10, 11] . This one-loop quantum equivalence was recently settled for the general class of models built on G L × G R /G D , with an arbitrary breaking of G R [12] . An interesting intermediary result is an expression for the Ricci tensor of the dualised geometry (with torsion) exhibiting its dependence with respect to the geometrical quantities of the original model. In the same work, the twoloop renormalisability problem was tackled and the need for extra (non-minimal) one-loop order finite counter-terms was emphasized. Some years ago, it was noted that in the minimal dimensional scheme, two-loop renormalisability does not hold for the SU(2) T-dualised model [13] .
The aim of the present work is a more precise analysis of this two-loop (in)equivalence, still on the simple example of the original SU(2) T-dualised model.
The main remark is that, part of the isometries being somehow lost, the T-dualised models are not -as they should be if one wants to give an all-order analysis -defined by a sufficent system of Ward identities. For example, in our simple case there is, a priori only a linear SU (2) [or O(3)] invariance, and any O(3) invariant action is allowed ( let us remind the reader that in higher-loop corrections to a classical action, all the terms which are not prohibited by some reason such as power counting, isometries or conservation laws..., would appear). To our present knowledge, the extra constraints coming from the origin of the model (dualisation of an (SU(2) L × SU(2) R )/SU(2) D chiral model) are not understood 1 . As it is highly probable that they are linked with the space-time dimension, it is not surprising that a minimal dimensional renormalisation scheme fails : as is well known, when the regularization method does not respect all the properties that define the theory, extra finite counter-terms are needed [15] .
The content of this article is the following : in Section 2 we recall the expression of the classical action of the dualised theory and set the notations. In Section 3, we start from the corresponding a priori quantum bare action and obtain through expansion the possible counter-terms that may be added to the classical action in order to reabsorb the divergences. Then in Section 4 we give the 2-loop divergences and in Section 5 we discuss how they match with the candidates in Section 3. Our result is that coupling constant and field renormalisations (infinite and finite ones ) are not sufficient to ensure the two-loop existence of the T-dualised theory but the metric itself has to be deformed (in a finite way). Some concluding remarks are offered in Section 6.
The classical action
At the classical level and in light-cone co-ordinates, the dual action can be writen [10, 12] :
where g ij = G (ij) is the target space metric and h ij = G [ij] is the torsion potential. The torsion T ijk is defined by T ijk = respectively write :
and the coresponding covariant derivatives are :
The Riemann tensor without torsion will be noted R ij,kl whereas we will denote the one with torsion asR ij,kl . The expression of the dualised target space metric G ij as a function of the original one is well known and in [12] the various geometrical quantities (Ricci tensor,..) were also related. In the special case considered here, where the original model is the
non-linear σ model, the metric writes :
where φ is a SU(2) (real) vector representation and the φ i , i = 1, 2, 3, are the co-ordinates on the dualised manifold. Then φ 2 is a SO(3) invariant and the symmetry is linearly realised. Torsion breaks parity, but the model is invariant under the simultaneous change φ → −φ and ǫ ijk → −ǫ ijk . Let us emphasize that no other local symmetry exists for that model.
The two-loop order bare action
In order to analyse the two-loop renormalisability of the dualised SU2 σ-model, we first examine all the possible ways to reabsorb the divergences through local counter-terms. As usual, we allow for finite and infinite renormalisations of both fields and coupling. But, as we shall see later on, this appears as insufficient to reabsorb the various divergences. Thus, we also allow for a finite deformation of the classical metric and torsion potential g ij + h ij = G ij to describe its quantum extension : of course, thisà la Friedan [16] extension of the notion of renormalisability involves a priori an infinite number of new parameters. Let us emphasize that we shall consider only finite deformations.
Even if by doing so we obviously introduce too many parameters, we first let them all independent in order to show the announced need for such intrinsic metric deformation.
Let us first write the bare action :
where :
To express (2) we shall need the Lie derivative L k and a "second order" Lie derivative L
Indeed, for any tensor S ij defined on a manifold with co-ordinates φ j , in a change of coordinates :
and if φ 0 = φ + η k (note that k is not a vector field on the manifold) :
We remind the reader that
One can show that :
With ∇ i g jk = 0 , we rewrite the equations (5,6) for S ij ≡ G ij as :
ζ i is some quantity whose computation is useless as, in the same manner as ζ i , it gives a vanishing contribution to the action or, the torsion potential being always defined up to a gauge transformation, such term can always be put into h ij (moreover, in our particular situation, the O(3) symmetry implies that such ∂ [i ζ j] terms vanish). Then, we shall not write them anymore. Then, expending (2) with the help of (3,4), one gets the possible counter-terms at lowest orders :
• 0 order in λ 2π :
• at second order in λ 2π :
where Q 1 ε means that we only take the term in 1 ε in the expression Q.
As we don't consider the 3-loop order, in expression (9) we only need the coefficient of 1 ε (the double poles 2 ε 2 are not new quantities as they are directly related to first order simple poles and it has already been proved that the dualised SU2 σ-model is one-loop renormalisable [10] ).
Using the following identity between Lie derivatives :
the term with the "second order" Lie derivative may be re-expressed :
So, the O( ) term (8) may be rewriten as :
and the O( ) 2 term (9) as :
As a consequence, as expected, any term L w 1 (G ij ) + bG ij may be reabsorbed into the finite deformation G ij (and vice-versa) to the expense of a change in the O( ) 2 parameters :
Finally, for the term in
2 in the bare action, one has the following expression :
where
(12)
The two-loop order divergences
We use the expression of the covariant divergences given by Hull and Townsend [17] 2 , in the background field method and in the minimal dimensional scheme, up to the two-loop order :
In order to ensure the renormalizability of the theory, these divergences should match with the candidate counter-terms given by (8) and (11) :
It has been previously proven [12] that the dualised metric is quasi-Einstein as soon as the original metric is Einstein. In our special case, we get :
The addition to the effective action of a finite deformation of the metric and of some finite renormalisations for the coupling and fields (non-minimal scheme) modifies the 2 divergences. The additional term is easily obtained as
Here also, only the combination G ij + L 
Results
According to the linearly realised symmetry of the T-dualised SU2 σ-model, the finite deformation of the metric G ij and the vectors w 1 (φ) and W 2 (φ) respectively write :
where τ = φ 2 . Moreover, the symmetry also implies that terms of the form
su are equal to zero. It is then possible to re-express (16) as a set of three linear differential equations :
The need for a true deformation G ij immediatly appears : setting both α(τ ), β(τ ) and γ(τ ) to zero, equations (18) and (19) cannot be satisfied, even if 3 we allowed for some finite renormalisations of the coupling (b) and field ( w 1 ( φ)), both hidden into the vector W 2 ( φ) (see equation (12)). Then, as first proven in [13] , we have checked that : In a purely dimensional scheme (even with non minimal subtractions), the dualised SU(2) σ model is not renormalisable at the two-loop order.
So, from the discussion in the previous Sections, and without restricting the generality of our analysis, one can take b and w 1 ( φ) as vanishing quantities.
Remarks :
• As Λ 2 is not a function, but a constant, differentiating equations (18) and (19) will relate α(τ ), β(τ ) and γ(τ ). Then, as soon as G ij , the finite one loop renormalisation, has been definitely set, equation (17) will give the infinite two-loop renormalisations W 2 ( φ) and Λ 2 .
• From the previous discussions, we know that G ij will be fixed up to someb
it is then natural to use this freedom, for example to reabsorb α(τ ) , and to redefine G ij such that :
We know that, when expressed as functions ofβ(τ ) andγ(τ ) , equations (17, 18, 19) remain unchanged, up to the substitutions discussed in Section 3 [equation (10) ] :
Equations (18) and (19) giveβ(τ ) as a function ofγ(τ ) which itself satisfies a non-homogeneous linear fourth order differential equation :
Note that under the change
the parameterb and the constant Λ 2 disappear from the set (22). Then, Λ 2 being an unknown constant, the general solution of the differential equation (22-b) will bě γ(τ ) = Γ(τ ) + c , where c is an arbitrary constant , and the two-loop coupling constant renormalisation Λ 2 will be :
The model will be renormalisable up to two loops iff equation (22-b) , whereγ(τ ) has been replaced by Γ(τ ) according to (23), has a solution which is analytic near τ = 0. In order to reach such a conclusion, we use the method of Frobenius for linear differential equations [20] . τ = 0 is a regular singularity (notice that we are only interested in τ ≥ 0). c n τ n that are independent solutions of the homogeneous equation associated to (22-b). We give here the first terms of such series (it happens that for ν = − we have an exact solution ) :
Then, we use the method of variation of parameters to find λ − 3 2
is the general solution of the inhomogeneous equation (22-b) whereγ(τ ) has been replaced by Γ(τ ) according to (23). The first terms in the expansion of these functions are : and is given by the three functions :
We now use the up to now free parameterb to reabsorb the parameter c . 
Concluding remarks
We have been able to exhibit some set of counter-terms that ensures the two-loop renormalisability of the T-dualised chiral non-linear σ model. The one-loop effective metric is defined up to two constants (λ o 0 and λ o 1 ), and some finite arbitrary field and coupling renormalisations. As is well known (e.g. in [21] ), the two-loop Callan-Symanzik β function (related to Λ 2 4 ) depends on these finite counterterms.
We emphasize that, contrarily to D. Friedan's approach to σ models quantisation, where the classical metric receives infinite perturbative deformations, our candidate for the deformation of the classical metric is a finite one, depending on only two parameters (plus the usual infinite, and finite, renormalisations of the fields and of the coupling constant) : our ansatz is that a proper understanding of the dualisation process will precisely offer the extra constraints that uniquely define the quantum extension of the classical theory, order by order in perturbation theory, in the same spirit as Ward identities determine what otherwise would appear as new parameters (see also footnote 1).
